Featured Application: Evaluation of the elastic and optical parameters of any sub-micrometer-thick transparent inhomogeneous films. In the case of doped multiferroic materials, the proposed multi-technique approach is envisioned to help in designing promising films for multifunctional applications in the frame of the future information and communication technologies. Abstract: Picosecond laser ultrasonics is an experimental technique for the generation and detection of ultrashort acoustic pulses using ultrafast lasers. In transparent media, it is often referred to as time-domain Brillouin scattering (TDBS). It provides the opportunity to monitor the propagation of nanometers-length acoustic pulses and to determine acoustical, optical, and acousto-optical parameters of the materials. We report on the application of TDBS for evaluating the effect of Praseodymium (Pr) substitution on the elasticity of multiferroic (Bi 1−x Pr x )(Fe 0.95 Mn 0.05 )O 3 (BPFMO) thin films. The films were deposited on Si and LaAlO 3 (LAO) substrates by a sol-gel method. X-ray diffraction and Raman spectra revealed earlier that a phase transition from rhombohedral to tetragonal structure occurs at about 15% Pr substitution and is accompanied by the maxima of remnant magnetization and polarization. Combining TDBS with optical spectral reflectometry, scanning electron microscopy, and topographic measurements by atomic force microscopy, we found that the structural transition is also characterized by the maximum optical dielectric constant and the minimum longitudinal sound velocity. Our results, together with earlier ones, suggest that BiFeO 3 -based films and ceramics with compositions near phase boundaries might be promising materials for multifunctional applications.
measurements of the Brillouin frequency and independent measurements of the refractive index by combining optical methods, atomic force microscopy, and scanning electron microscopy. In the films deposited on (001)-oriented Si, we measured an increase in the optical refractive index (at 808 nm optical wavelength) and a reduction in the velocity of longitudinal phonons of more than ≈20% in the vicinity of the morphotropic phase transition at GHz frequencies. A similarly strong reduction in the sound speed was also revealed in the BPFMO films deposited on LAO substrate.
Thin Film Deposition and Characterization by X-ray Diffraction
The (Bi 1−x Pr x )(Fe 0.95 Mn 0.05 )O 3 thin films with (x = 0.05, 0.10, 0. 15, 0.20) and (x = 0.05, 0.10, 0.125, 0.15, 0.175, 0.20) were deposited onto Si (100) and LAO (100) single-crystalline substrates, respectively, using chemical solution deposition by spin coating, as was described in detail earlier [12, 13] and in Appendix A. The nominal final thicknesses of BPFMO films were expected to be about 600 nm and 500 nm, respectively. The structures of BPFMO films were characterized by X-ray diffraction (XRD). Earlier, XRD was used to demonstrate the transition in the BPFMO films from rhombohedral to tetragonal structure (from R3c to P4mm) for Pr concentrations above 15% [13] . In Appendix B, we present the XRD data demonstrating the difference between the films deposited on Si and on LAO substrates. The films on both substrates are polycrystalline, however the films on the LAO substrate exhibit preferential orientation of the crystallites, i.e., texturing.
Time-Domain Brillouin Scattering Experiments and Characterization of Multiferroic (Bi 1−x Pr x )(Fe 0.95 Mn 0.05 )O 3 Films on Si Substrates

TDBS Experiments at Two Angles of Probe Incidence and Depth Profiling
The TDBS experiments were conducted with a Ti:Sapphire laser providing ps laser pulses. A detailed description of the experimental setup is given in Ref. [35] . Here, as is common for experiments with BFO [28] [29] [30] [31] [32] [33] [34] , the fundamental radiation at λ 0 = 808 nm wavelength was applied for probing the sample, while the frequency-doubled light at 404 nm wavelength was applied for the generation of CAPs via its interband absorption in BFO [28] [29] [30] 35, 36] . The experiments were conducted at different angles of probe incidence on the sample surface (ψ = 0 • and ψ = 52 • ) with the goal of disentangling the acoustic and optical anomalies in BPFMO films via the TDBS measurements only. The powers of the pump and probe laser radiations were 1.1 mW and 0.6 mW, respectively. Both pump and probe lasers were focused onto the free surface of the BPFMO films using 50X objective lenses. By scanning the pump beam focus relatively to the probe beam focus and measuring the amplitude of the transient thermoreflectance signal as a function of the position, the spatial correlation function of the pump and probe beams was evaluated. Its width of ≈2.5 µm at full width at half maximum (FWHM) is a measure of the lateral spatial resolution which is achievable in the TDBS experiments reported here.
All the raw measurements of the transient probe reflectivity in the BPFMO films deposited on Si are presented in Figure 1 : (a) for probe incidence at ψ = 0 • and (b) for probe incidence at ψ = 52 • . Each percentage denotes the Pr substitution concentration associated with the curves just above it, and each curve at a given substitution concentration corresponds to a different probed location on the sample. The measured signals are typical for TDBS experiments. At time t = 0 ns, the reflectivity changes abruptly due to the pump photon inter-band absorption in the BFO thin films, which causes photo-excitation of charge carriers and subsequent temperature rise near the film/air interface. Note that the penetration depth of the 404 nm pump optical radiation in BFO is about 35-40 nm [28-30,35,36] . These abrupt changes in the probe reflectivity are followed by a long-time relaxation due to motion and recombination of photo-excited carriers and also due to heat diffusion. On top of the relaxation, the reflectivity signals oscillate, which represents the BOs due to the probe photon-CAP interaction. Raw measurements of the transient probe reflectivity in the (Bi1−xPrx)(Fe0.95Mn0.05)O3 films deposited on Si: (a) for probe incidence at ψ = 0° and (b) for probe incidence at ψ = 52°. Each percentage number denotes the Pr substitution concentration associated with the curves just above it, and each curve at a given substitution concentration corresponds to a different probed location on the sample.
In Figure 2 , we present the BOs revealed after the subtraction of the slowly varying contribution to reflectivity of non-acoustic origins: (a) for TDBS measurements at normal incidence (0°) and (b) for those at oblique incidence (52°) (set with ± 7° accuracy). Note that each percentage number denotes the Pr substitution concentration associated with the curve with the same ordinate and that the total duration of the BOs corresponds approximately to the time of the CAP arrival on the interface between the film and the substrate. .05)O3 films deposited on Si after the subtraction of the low-frequency contribution of non-acoustic origins to reflectivity: (a) for time-domain Brillouin scattering (TDBS) measurements at normal incidence (0°) and (b) for those at oblique incidence (52°). Each percentage number denotes the Pr substitution concentration (x) associated with all curves with the same ordinate, and each curve at a given substitution concentration corresponds to a different probed location on the sample.
From the data presented in Figure 2 , it is evident without any spectral analysis that the frequencies of the BOs, i.e., BFs, at 10% and 15% Pr substitutions are lower than at 5% and 20% substitutions for both probe angles of incidence. This is a signature of the structural phase transition.
For quantitative analysis of the change of the BFs as a function of the Pr substitution concentration and of the probe angle of incidence, it is proposed to perform a time-frequency analysis of the acoustic part of each signal. To do so, the synchronous detection technique is used to extract the BF as a function of the time delay between pump and probe pulses. The BF images presented in In Figure 2 , we present the BOs revealed after the subtraction of the slowly varying contribution to reflectivity of non-acoustic origins: (a) for TDBS measurements at normal incidence (0 • ) and (b) for those at oblique incidence (52 • ) (set with ± 7 • accuracy). Note that each percentage number denotes the Pr substitution concentration associated with the curve with the same ordinate and that the total duration of the BOs corresponds approximately to the time of the CAP arrival on the interface between the film and the substrate. Raw measurements of the transient probe reflectivity in the (Bi1−xPrx)(Fe0.95Mn0.05)O3 films deposited on Si: (a) for probe incidence at ψ = 0° and (b) for probe incidence at ψ = 52°. Each percentage number denotes the Pr substitution concentration associated with the curves just above it, and each curve at a given substitution concentration corresponds to a different probed location on the sample.
For quantitative analysis of the change of the BFs as a function of the Pr substitution concentration and of the probe angle of incidence, it is proposed to perform a time-frequency analysis of the acoustic part of each signal. To do so, the synchronous detection technique is used to extract the BF as a function of the time delay between pump and probe pulses. The BF images presented in From the data presented in Figure 2 , it is evident without any spectral analysis that the frequencies of the BOs, i.e., BFs, at 10% and 15% Pr substitutions are lower than at 5% and 20% substitutions for both probe angles of incidence. This is a signature of the structural phase transition.
For quantitative analysis of the change of the BFs as a function of the Pr substitution concentration and of the probe angle of incidence, it is proposed to perform a time-frequency analysis of the acoustic part of each signal. To do so, the synchronous detection technique is used to extract the BF as a function of the time delay between pump and probe pulses. The BF images presented in Figure 3 were obtained by this signal processing technique, which had previously been successful in TDBS imaging of polycrystalline aggregates at high pressure [35] . Signals are here processed with a Hann moving window of 62 ps duration at FWHM, limiting the depth resolution at the structural phase transition to about 140 nm. At each temporal position of the moving window, the BF is obtained by means of maximizing the modulus of a complex integral (the integral over the time window of the product between the complex exponential whose time-dependent phase corresponds to that of the measured signals and the complex exponential exp(−2jπf B t), where f B stands for the BF). The signal-to-noise ratio (SNR) within the window, as well as the normalized root-mean-square error (NRMSE), is also calculated at each time position of the moving window, to serve as goodness criteria.
In Figure 3 , the time-frequency analysis of all signals is shown: (a) for TDBS measurements at normal incidence (0 • ) and (b) for those at oblique incidence (52 • ). The color scale is common and depicts the value of the BF. The goodness criteria were here chosen as: (i) SNR should be greater than 3 dB and (ii) NRMSE should be lower than 15%. The white regions in Figure 3 correspond to the regions where at least one of these criteria is not fulfilled. The signals measured at different lateral positions on a sample with given Pr substitution concentration are packed together (signals from each sample are separated by black horizontal lines). This representation allows the conclusion that all samples are relatively laterally homogeneous, as can also be seen in Figure 2 , where all signals at a given Pr substitution concentration and probe angle of incidence are superimposed. From the BF images in Figure 3 , it is additionally important to notice that the BF appears to vary as a function of time for a given lateral position. Indeed, TDBS is a known modality for depth-profiling and imaging [20, 21, [37] [38] [39] [40] . The distribution of the BFs as a function of the time delay between the probe and pump pulses can be transformed in the depth distributions of the BF. The BF images in Figure 3 reveal variations of the BFs with depth up to 30%, which demonstrates the depth inhomogeneity of the films. This could be caused by inhomogeneity of the texturing of the films, which influences the detected frequencies via the orientation of the elastically anisotropic grains. Note that at normal incidence of the probe, the BF is directly proportional to the product of the acoustic velocity υ S and of the refractive index n. It also follows from the comparison of the two parts of Figure 3 that the quality of the signals detected with 52 • probe incidence is generally worse than that at normal incidence of the probe, as could have been expected. In fact, we attempted but failed to accumulate additional reliable data at ψ = 60 • .
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Unfortunately, the measurements conducted at ψ = 0° and ψ = 52° only appeared to be insufficient for the reliable disentanglement of and . The data summarized in Table 1 demonstrate that, although the BFs measured at normal and oblique incidence are distinct, their bare Unfortunately, the measurements conducted at ψ = 0 • and ψ = 52 • only appeared to be insufficient for the reliable disentanglement of n and ν S . The data summarized in Table 1 demonstrate that, although the BFs measured at normal and oblique incidence are distinct, their bare values are too close, leading to high uncertainty in the evaluation of the refractive index n TDBS and of the acoustic velocity ν TDBS . We note that optical anisotropy of the films is assumed to be negligible. Due to the expected absence of any strong texture in the orientations of BPFMO grains when the films were deposited on the Si substrate, the films can be characterized by one refractive index. The absence of strong texture is confirmed by the XRD measurements in the same films reported in Ref. [13] and in Appendix B. 
Pr Substitution Concentration Average BFs for Two Angles of
Incidence Uncertainties in the refractive index and sound velocity are too high to consider the values, extracted via TDBS measurements only, to be reliable. Diminishing this uncertainty would require the deposition of highly homogeneous films of greater thickness, which is currently technically challenging/impossible. That is why, for the evaluation of the CAP velocities in our films, the independent measurement of the optical refractive index is necessary.
Characterization of Films by Optical Methods and Atomic Force Microscopy
In the range where absorption in the film can be neglected, typically above 700 nm for BFO [41] [42] [43] [44] , the modulation of reflectance is accurately defined. On each film deposited on Si, a fairly clear interference modulation is observed in spectral reflectance measurements, and the periodicity allows a reliable estimation of the optical thickness (nH) opt (refractive index, n, times the geometrical thickness, H) to be obtained. However, very poor agreements are obtained between the experimental reflectance ratios (« intensities ») and the fitted ones in the framework of theoretical models. Additionally, the reflectograms of the BPFMO samples collected at different places of the sample were very different. Since the refractive index is related to the periodicity, there are no chances to measure them reliably. Only the optical thickness that depends on the pseudo-periodicity of the diagrams can be deduced. This situation could be attributed to the fact that a part of the light is scattered instead of being specularly reflected. Such a scattering is presumably due to the inhomogeneities of the film surfaces observed under optical microscope and bulk inhomogeneities revealed by the TDBS technique ( Figure 3) . The birefringent character of the polycrystalline films could be an additional reason for strong diffusive scattering. This prevented separate measurements of the refractive indices and the geometrical thicknesses of the films, requiring different approaches for the measurements of the refractive index. At the same time, the measurements of the optical thickness at 830 nm optical wavelength were highly precise and reliable (see the fifth column in Table 2 ).
In order to obtain the required values of the refractive indices from these measurements, the thickness of the films should be measured independently. We scratched the BPFMO films with an AFM tip down to the Si substrate by applying a controlled force [45] . Since it had previously been checked that the applied force was not sufficient to scratch the harder silicon substrate, the measurement of the resulting step height gives access to the BPFMO film thickness. Unfortunately, the film with 5% Pr substitution was too hard for scratching with this method. The results for the measured thicknesses H AFM are presented in the fourth column in Table 2 . Combining this data with those presented in the fifth column in the same Table provides refractive indices presented in the sixth column in Table 2 . Finally, using the obtained refractive indices and BFs measured at normal incidence (reported in the third column in Table 2 ), we reveal the values of the longitudinal acoustic velocities in these films, υ S = f 0 λ 0 /2n, presented in the last column of Table 2 . According to our measurements (Table 2) , the refractive index exhibits strong maximum at x = 0.15 Pr substitution, which correlates well with the expected position of the structural transition. The maximum measured value of n is larger by 25% and 20% than the values for the measured neighbor Pr substitutions of x = 0.10 and 0.20, respectively ( Figure 6 ). Correspondingly, the dielectric constant, under the assumption of the magnetic constant (permeability) independent of Pr substitution, is larger in the phase transition point by 57% and 44% than for the neighbor measured Pr substitutions x = 0.10 and x = 0.20, respectively. The sharpness of the revealed anomaly in the dielectric constant is comparable to those measured earlier in these films for remnant magnetization and polarization (see Figure 5 (b) in Ref. [13] ). Thus, our measurements provide for the first time information on the optical anomaly in BPFMO thin films deposited on Si substrate. Additionally, the measured large values of the optical refractive index in BPFMO films (Table 2) provide an additional complexity/challenge in disentangling the refractive index and the sound velocity by only using the TDBS technique. For example, the magnitude of the refractive index at the structural transition, i.e., for 15% Pr substitution, is very large: n = 3.22. Thus the angle φ between the directions of the propagations of the CAP and of the probe light inside the material, which controls the BF, even for ψ = 52 • angle of probe incidence, is rather small
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Optical and Acoustic Anomalies Accompanying Structural Transformation of BPFMO Films Deposited on Si
According to our measurements (Table 2) , the refractive index exhibits strong maximum at x = 0.15 Pr substitution, which correlates well with the expected position of the structural transition. The maximum measured value of is larger by 25% and 20% than the values for the measured neighbor Pr substitutions of x = 0.10 and 0.20, respectively ( Figure 6 ). Correspondingly, the dielectric constant, under the assumption of the magnetic constant (permeability) independent of Pr substitution, is larger in the phase transition point by 57% and 44% than for the neighbor measured Pr substitutions x = 0.10 and x = 0.20, respectively. The sharpness of the revealed anomaly in the dielectric constant is comparable to those measured earlier in these films for remnant magnetization and polarization (see Figure 5 (b) in Ref. [13] ). Thus, our measurements provide for the first time information on the optical anomaly in BPFMO thin films deposited on Si substrate. Additionally, the measured large values of the optical refractive index in BPFMO films (Table 2) provide an additional complexity/challenge in disentangling the refractive index and the sound velocity by only using the TDBS technique. For example, the magnitude of the refractive index at the structural transition, i.e., for 15% Pr substitution, is very large: = 3.22. Thus the angle between the directions of the propagations of the CAP and of the probe light inside the material, which controls the BF, even for ψ = 52° angle of probe incidence, is rather small ( = sin ⁄ ≈14°). The measured acoustic velocities in the films with different Pr substitution concentrations (Table  2 ) demonstrate the highly non-monotonic velocity variation in the vicinity of the rhombohedral- The measured acoustic velocities in the films with different Pr substitution concentrations (Table 2 ) demonstrate the highly non-monotonic velocity variation in the vicinity of the rhombohedraltetragonal structural phase transition expected around the Pr substitution concentration of x = 0.15. Although there are no published data for the direct comparison with our measurements, our observations in BPFMO films ( Figure 6 ) follow the tendency revealed for BFO films in Ref. [33] , i.e., substantial increase in the sound velocity in the transition from rhombohedral to tetragonal phase (see Introduction). More importantly and originally, the measurements in Table 2 reveal a very sharp minimum in the longitudinal sound velocity at the structural phase transition for x = 0.15. The minimum measured value of υ S is smaller by 17% and 41% than the values for the measured neighbor Pr substitution concentrations of x = 0.10 and x = 0.20, respectively ( Figure 6) . Correspondingly, the longitudinal elastic modulus, under the assumption of the film density independent of Pr substitution, could be softer in the phase transition point by 31% and 65% than for the neighbor measured Pr substitution concentrations of x = 0.10 and x = 0.20, respectively. If the variations of density caused by Pr substitution are estimated via the linear extrapolation between the density of BiFeO 3 (8.01 × 10 3 kg/m 3 [46] ) and PrFeO 3 (6.52 × 10 3 kg/m 3 [46] ), then the predicted longitudinal elastic modulus in the phase transition point (x = 0.15) is estimated to be softer than for the neighbor measured Pr substitution of x = 0.10 and x = 0.20 by the same 31% and 65%, respectively. Thus, the density variations caused by the ±5% changes in Pr substitution near the phase transitions have negligible influence on the estimates of the relative anomaly in the longitudinal elastic modulus. 
Time-Domain Brillouin Scattering Experiments and
TDBS Experiments at Two Angles of Probe Incidence
The TDBS experiments were then conducted with the same experimental setup on the BPFMO thin films deposited on LAO substrate, at two angles of probe incidence on the sample surface (ψ = 0 • and ψ = 52 • ), with the same goal of disentangling the acoustic and optical anomalies in the films via the TDBS measurements only. The obtained results at the two angles were again too close to allow the disentanglement. On top of that, due to the smaller thickness (500 nm) and the inhomogeneity of the BPFMO films, the uncertainties in the extracted refractive indices and sound velocities were too high to consider their values to be reliable. For the evaluation of the CAP velocities in our films, it was therefore decided to use the independent measurement of the optical refractive index (see Section 4.2) together with the Brillouin frequency extracted from the results collected at the normal incidence of the probe beam. The raw measurements of the transient probe reflectivity in the BPFMO films deposited on LAO at normal incidence are shown in Figure 7a . The results after the subtraction of the slowly varying contribution to reflectivity of non-acoustic origins are shown in Figure 7b .
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Time-Domain Brillouin Scattering Experiments and
TDBS Experiments at Two Angles of Probe Incidence
The TDBS experiments were then conducted with the same experimental setup on the BPFMO thin films deposited on LAO substrate, at two angles of probe incidence on the sample surface (ψ = 0° and ψ = 52°), with the same goal of disentangling the acoustic and optical anomalies in the films via the TDBS measurements only. The obtained results at the two angles were again too close to allow the disentanglement. On top of that, due to the smaller thickness (500 nm) and the inhomogeneity of the BPFMO films, the uncertainties in the extracted refractive indices and sound velocities were too high to consider their values to be reliable. For the evaluation of the CAP velocities in our films, it was therefore decided to use the independent measurement of the optical refractive index (see Section 4.2.) together with the Brillouin frequency extracted from the results collected at the normal incidence of the probe beam. The raw measurements of the transient probe reflectivity in the BPFMO films deposited on LAO at normal incidence are shown in Figure 7 (a). The results after the subtraction of the slowly varying contribution to reflectivity of non-acoustic origins are shown in Figure 7 (b). Due to the difficulty in completely removing the non-acoustic contributions without losing the few BOs available on each signal, it was chosen in this part of the study not to use the synchronous detection technique for performing a time-frequency analysis of the signals. For the synchronous detection technique to give confident results, it is mandatory for the treated signal to be a pure sine function. In place of the synchronous detection technique, the segment of the experimental background-free reflectivity signal with the BOs was manually selected on each signal, its envelope removed using Hilbert transform and the resulting normalized oscillating signal fitted with a sine function assuming a constant frequency. For each Pr substitution concentration, the average value of the BFs obtained by the previously described processing of signals registered in different lateral positions was calculated and reported in the third column of Table 3 . The uncertainty was chosen to be the maximal difference between the average value and the BFs used in its calculation. Since at 10% and 20% Pr substitution only one signal was treatable, the uncertainties were chosen in this case to be the confidence interval of the used estimator. The proposed uncertainty in the latter case is the only quantitative estimate we have access to, yet it may be undervalued due to the lateral inhomogeneity of the samples.
Characterization of Films by Optical Methods, Atomic Force Microscopy, and Scanning Electron Microscopy
Similar to the case of the BPFMO films deposited on Si substrate, we failed to reliably measure the optical refractive index of the films by purely optical measurements. The reason for this could be partially tentatively attributed to inhomogeneities of the film surfaces revealed by standard and Differential Interference Contrast (DIC) microscopy (Appendix C), optical profilometry (Appendix C), and AFM topography (Appendix D). Some of these inhomogeneities could be consequences of the domain structure of LAO substrate surface [47] [48] [49] (Appendix C). However, the samples observed by spectral reflectance unambiguously show pronounced fringes that ensure homogeneous average thicknesses over large areas, at least with centimeter size. In the optical range of probe light, the absorption can be neglected and the modulation of reflectance is accurately defined similar to the case of the films deposited on Si substrate. The corresponding optical thicknesses (nH) opt at 830 nm wavelength are given in the fifth column in Table 3 .
On the other hand, the absolute reflectance and the contrast of fringes change a lot with the position of the analysis. This is attributed to the fact that, as shown by the optical microscopy results (Appendix C), the light is strongly scattered instead of being fully specularly reflected, as a consequence of the roughness over large scales and/or the fluctuation of refractive index associated with the random orientation of microcrystallites. This prevents the separate measurement of the geometrical thickness (H) and the refractive index (n). Then, for the determination of the refractive index, the geometrical thickness of the film should be measured independently. Unfortunately, the films deposited on LAO substrate were too hard for scratching and it was impossible to apply the AFM scratch method for the thickness measurements. Because of this, we had to cleave the samples along the direction normal to the surface and the thickness of the films was measured by scanning electron microscope (SEM) side imaging (Appendix E). According to the measurement by SEM presented in the fourth column in Table 3 , the thickness of the film is 500 ± 20 nm whatever the Pr substitution concentration. Then, with these data and with the earlier measured optical thickness, it is possible to deduce the refractive indices of the films; these are reported in the sixth column in Table 3 . It appears that the average refractive indices, although with a similar magnitude as those published for pure BFO [41] [42] [43] [44] , are slightly weaker than the lowest reported one (extraordinary refractive index n e = 2.66 at 830 nm [44] ). Finally, using the obtained refractive indices and BFs measured at normal incidence (see the third column in Table 3 ), we revealed the values of the longitudinal acoustic velocities in these films: υ S = f 0 λ 0 /2n, presented in the last column of Table 3 .
Optical and Acoustic Anomalies Accompanying Structural Transformation of BPFMO Films Deposited on LAO Substrate
According to our measurements (Table 3) , the refractive index of BPFMO films deposited on LAO substrate exhibits a weak maximum at Pr substitution concentration of x = 0.125 correlated with the expected position of the structural transition. However, the maximum measured value of n is larger only by about 1.5% and 0.8% than the values for the measured neighbor Pr substitution concentrations of x = 0.10 and 0.15, respectively ( Figure 8 ). Thus, our measurements do not provide any evidence of strong optical anomaly in BPFMO thin films deposited on LAO substrate.
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According to our measurements (Table 3) , the refractive index of BPFMO films deposited on LAO substrate exhibits a weak maximum at Pr substitution concentration of x = 0.125 correlated with the expected position of the structural transition. However, the maximum measured value of is larger only by about 1.5% and 0.8% than the values for the measured neighbor Pr substitution concentrations of x = 0.10 and 0.15, respectively ( Figure 8 ). Thus, our measurements do not provide any evidence of strong optical anomaly in BPFMO thin films deposited on LAO substrate. The measured acoustic velocity in the BPFMO films with different concentrations of Pr substitution deposited on LAO substrate (Table 3) demonstrates highly non-monotonic variation in the vicinity of the rhombohedral-tetragonal structural phase transition at around 12.5% of Pr substitution (Figure 8 ), similar to the one revealed earlier in films deposited on Si substrate. Although there are no published data for the direct comparison with our measurement, our observations in BPFMO films (Figure 8 ) follow the tendency revealed for BFO films in Ref. [33] , i.e., increase in the sound velocity in the transition from rhombohedral to tetragonal phase (see Introduction). More importantly, the measurements in Table 3 reveal a very sharp minimum in the longitudinal sound velocity at the structural phase transition for x = 0.125 Pr substitution concentration. The minimum measured value of is smaller by 19%, 14%, and 21% than the values for the measured neighbor Pr substitution concentrations of x = 0.10, x = 0.15, and x = 0.20, respectively (Figure 8) . Correspondingly, the longitudinal elastic modulus could be softer in the phase transition point by 34%, 26%, and 37% than for the neighbor measured Pr substitution concentrations of x = 0.10, x = 0.15, and x = 0.20, respectively. The measured acoustic velocity in the BPFMO films with different concentrations of Pr substitution deposited on LAO substrate (Table 3) demonstrates highly non-monotonic variation in the vicinity of the rhombohedral-tetragonal structural phase transition at around 12.5% of Pr substitution (Figure 8 ), similar to the one revealed earlier in films deposited on Si substrate. Although there are no published data for the direct comparison with our measurement, our observations in BPFMO films (Figure 8 ) follow the tendency revealed for BFO films in Ref. [33] , i.e., increase in the sound velocity in the transition from rhombohedral to tetragonal phase (see Introduction). More importantly, the measurements in Table 3 reveal a very sharp minimum in the longitudinal sound velocity at the structural phase transition for x = 0.125 Pr substitution concentration. The minimum measured value of υ S is smaller by 19%, 14%, and 21% than the values for the measured neighbor Pr substitution concentrations of x = 0.10, x = 0.15, and x = 0.20, respectively (Figure 8) . Correspondingly, the longitudinal elastic modulus could be softer in the phase transition point by 34%, 26%, and 37% than for the neighbor measured Pr substitution concentrations of x = 0.10, x = 0.15, and x = 0.20, respectively.
Discussion
Figures 6 and 8 report the first ever measurements by the TDBS technique in combination with optical reflectometry, AFM topography, and SEM of the variation in the longitudinal acoustic velocity and the longitudinal modulus across the rhombohedral-tetragonal structural transitions induced by the element substitution. It is worth mentioning here that, in Ref. [34] , an attempt was reported to access this information in BDFO films even thinner than ours, by extracting from the TDBS signals the information on the transmission of the CAPs at the interface of the film with STO substrate. The transmission of CAPs across the interfaces are known to be accompanied by the detected BO amplitude changes [21] , which are related to the conversion of the acoustic waves incident on the interface into reflected and transmitted waves of different amplitudes. So, via the acoustic reflection and transmission coefficients, the BO amplitudes contain information on the ratio of the acoustic impedances of the film and the substrate, potentially allowing the determination of the sound velocity in the films. Assuming that the amplitudes of the TDBS oscillations before and after the CAP incidence on the interface are proportional to the amplitudes of the incident and transmitted coherent phonons at BFs, the authors of Ref. [34] found that the acoustic transmission coefficient monotonically grows with increasing Dy substitution. They concluded on the monotonic variation of the BDFO elasticity across the structural phase transition. However, they did not take into account that the amplitude of the BOs is proportional not only to the amplitude of the coherent phonon but also to the photoelastic constant. The photoelastic constant for the BDFO films is unknown and, similar to other parameters, also depends on the doping concentration of the film. Thus, even the conclusion of monotonous growth across the structural phase transition of the acoustic transmission coefficient (see Figure 4 in Ref. [34] ) could be hardly considered as a reliable one, as it was obtained without disentanglement of the dependencies of the BO amplitudes on the amplitudes of the CAPs and on the magnitudes of the photoelastic constants. The consequent conclusion derived in Ref. [34] on the softening of the BDFO in the structural transition from rhombohedral to tetragonal is twice doubtful in view of the opposite tendency revealed by us and the results reported in Ref. [33] . It is worth mentioning here that the general tendency of the rigidity growth with increasing Pr substitution, i.e., aside from the abovementioned anomaly, correlates with the observation that the sound velocities measured by us in BPFMO films on LAO substrate (column 7 in Table 3 ) are larger than in pure BFO films deposited on the same substrate [33] .
An additional argument in favor of the reliability of the results reported by us in Sections 3.3 and 4.3 is the fact that the sharpness of the revealed anomaly in the elastic modulus is comparable to those measured earlier in these films for remnant magnetization and polarization (see Figure 5 (b) in Ref. [13] ). Moreover, the softening of the elastic modulus by more than ≈30% in the vicinity of the structural phase transition at ≈20 GHz frequency (see Table 1 ) initiated in our samples by Pr substitution is comparable in magnitude to one reported earlier at MHz frequencies near electrically induced rhombohedral-tetragonal phase transition [15] . Acoustic anomalies that are comparable in magnitude were also reported in heating-induced structural phase transitions [14] .
If we compare the experimental results for BPFMO films with Pr substitutions of 10%, 15%, and 20% available both for Si and LAO substrates, they demonstrate higher acoustic velocities and expected higher rigidities for the films deposited on LAO substrate. This observation is in qualitative intuitive agreement with the fact that it was possible to scratch by the AFM tip apex the films deposited on Si but not on LAO. The measured higher sound velocities in the BPFMO films deposited on LAO substrates correlate with our initial expectations since the small lattice mismatch between BFO and LAO should potentially lead to the deposition of more compact films with preferential orientations of grains, i.e., substantially textured. The latter has been confirmed by XRD measurements (Appendix B). However, our expectations, that texturing of the BPFMO films deposited on LAO substrate could lead to the reliable determination via optical reflectivity measurements of the refractive index separately from the geometrical film thickness, have not been met. The quality of the film surfaces and, tentatively, imperfect texturing in the bulk of these films, could cause non-specular light scattering, impeding the measurements of the refractive index by this technique (Appendix C). Additionally, some of our TDBS experiments which have not been reported above are also in favor of the imperfect texturing. We conducted experiments with a fixed linear polarization of probe light (both at 0 • and 52 • angles of incidence) and detected separately similarly polarized and depolarized scattered light when the sample was rotated by discrete angles relative to its surface normal, i.e., relative to the [100] direction of LAO. We were not able to find any reliable signatures of the TDBS signal dependence on the sample rotation/orientation. Our failure to detect by TDBS any optical or acousto-optical anisotropy that could have been caused by film texturing indicates that texturing could be imperfect or weak, in correlation with the hypotheses put forward by our purely optical measurements.
Conclusions and Perspectives
The first measurements of the variation in the longitudinal acoustic velocity and the optical refractive index in thin films deposited on different substrates across the rhombohedral to tetragonal structural phase transition induced by element substitution are reported thanks to a multi-technique approach. They reveal a strong elastic anomaly, i.e., pronounced minimum of longitudinal sound velocity, in the vicinity of the structural transition. The strength of the related optical anomaly, i.e., of the maximum in the refractive index, was found to be significantly dependent on the particular substrate influencing the parameters of the thin films. Our results (together with earlier ones [12, 13] demonstrating that BPFMO films at the structure transition composition show the strongest ferromagnetism and superior ferroelectric properties) indicate that BFO-based films with compositions near phase boundaries might exhibit maxima in piezoelectric and piezomagnetic properties and are promising materials for multifunctional applications. The challenging perspective for the TDBS technique in combination with the other techniques would be their application for the diagnostics of the variations of the acousto-optical interaction efficiency (controlled by the photoelastic parameter) across the structural transitions in thin films. Research in this direction could potentially reveal films with superior efficiency in the acousto-optical modulation of light for the future information and communication technologies. Funding: This research was funded by LE MANS ACOUSTIQUE, in the frame of the project "Optically controlled ferroelectric transducers".
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Appendix B. Characterization by X-ray Diffraction of BPFMO Films Deposited on Si and LaAlO 3 (LAO) Substrates
The structure of BPFMO films was characterized by X-ray diffraction (XRD) using a with Cu Kα radiation (Rigaku SmartLab, Rigaku Corporation, Japan). The diffraction data were collected with a 2θ step size of 0.01 • and a ramp rate of 1 • /min. The BPFMO films are polycrystalline and all the diffraction peaks can be indexed using a rhombohedral structure. Earlier, the XRD demonstrated the transition in the BPFMO films from a rhombohedral to tetragonal structure (from R3c to P4mm) for Pr concentrations above 15% [10] . Here we present in Figures A1a and A1b the XRD data demonstrating the difference between the films deposited on Si and on LAO substrates, respectively. The BPFMO thin films on LAO substrate exhibit a preferential (012) orientation.
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The structure of BPFMO films was characterized by X-ray diffraction (XRD) using a with Cu Kα radiation (Rigaku SmartLab, Rigaku Corporation, Japan). The diffraction data were collected with a 2θ step size of 0.01° and a ramp rate of 1°/min. The BPFMO films are polycrystalline and all the diffraction peaks can be indexed using a rhombohedral structure. Earlier, the XRD demonstrated the transition in the BPFMO films from a rhombohedral to tetragonal structure (from R3c to P4mm) for Pr concentrations above 15% [10] . Here we present in Figure A1 (a) and Figure A1 (b) the XRD data demonstrating the difference between the films deposited on Si and on LAO substrates, respectively. The BPFMO thin films on LAO substrate exhibit a preferential (012) orientation. The films on both substrates are polycrystalline, however the film on LAO substrate exhibits preferential orientation of the crystallites, i.e., texturing. There are additional diffraction peaks, as indicated by "*" in Figure A1 (b), at 2θ = 26° observed in the compositions of x = 5% and 15%. However, these peaks do not appear in the films deposited on Si. In Bismuth Ferrite films, the secondary phase peaks from bismuth oxides are always observed at about 28°. Additionally, we have also observed similar peaks at 2θ = 26° in other oxide films epitaxially grown on LAO substrates. Thus, these strange peaks are perhaps from the substrate, rather than from the thin films. The differences in the orientations of the films on Si and LAO substrates can be much more easily appreciated from the XRD patterns presented, not in semi-log, as in Figures A1(a) and A1(b), but in linear scale for the intensity (see Figures A2(a) and A2(b) ). The BPFMO films on Si substrate exhibit weakly preferred Bragg diffraction in the (110) direction, while the BPFMO films on LAO substrate exhibit strongly preferred Bragg diffraction in the (100) direction. (100) LAO (100) LAO (200) BPFMO ( The films on both substrates are polycrystalline, however the film on LAO substrate exhibits preferential orientation of the crystallites, i.e., texturing. There are additional diffraction peaks, as indicated by "*" in Figure A1b , at 2θ = 26 • observed in the compositions of x = 5% and 15%. However, these peaks do not appear in the films deposited on Si. In Bismuth Ferrite films, the secondary phase peaks from bismuth oxides are always observed at about 28 • . Additionally, we have also observed similar peaks at 2θ = 26 • in other oxide films epitaxially grown on LAO substrates. Thus, these strange peaks are perhaps from the substrate, rather than from the thin films. The differences in the orientations of the films on Si and LAO substrates can be much more easily appreciated from the XRD patterns presented, not in semi-log, as in Figure A1a ,b, but in linear scale for the intensity (see Figure A2a,b) . The BPFMO films on Si substrate exhibit weakly preferred Bragg diffraction in the (110) direction, while the BPFMO films on LAO substrate exhibit strongly preferred Bragg diffraction in the (100) direction.
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The surfaces of the samples observed under bright field and dark field with high magnification (X50, X100 magnification objectives) are shown in Figure A3 . These surfaces do not appear to be fully Optical characteristics of the BPFMO films deposited on LAO substrates were deduced from standard and Differential Interference Contrast (DIC) microscopy (BX41 microscope, Olympus, Tokyo, Japan), and by spectral reflectivity on a Filmetrics instrument (F20, San Diego, CA, USA).
The surfaces of the samples observed under bright field and dark field with high magnification (X50, X100 magnification objectives) are shown in Figure A3 . These surfaces do not appear to be fully reflective, and the scattered light shows inhomogeneities whatever the magnification and whatever the Pr substitution concentration, although significantly weaker for the lowest Pr substitution concentration (5%). Such optical inhomogeneities with granular aspect, typically at micrometric scale, can be reasonably attributed to texture consisting of crystallites. Indeed, if the crystallites are not fully oriented, they exhibit a high visibility (contrast), which is even more pronounced thanks to the birefringence character of the material, which could be as large as n o = 2.80 (ordinary refractive index) and n e = 2.66 (extraordinary refractive index) for undoped BiFeO 3 at 830 nm [44] . It seems that, although the films deposited on LAO substrate exhibit preferential orientation (see Appendix B), the contribution from randomly oriented grains still has a substantial destructive influence on some optical measurements.
In addition to these aspects at high magnification, the surfaces observed at low magnification (X10 objective) by DIC clearly show domain structures with specific orientations and even intricated orientations ( Figure A4 ). As is illustrated in Figure A4 by a particular example of the film with 12.5% Pr substitution, these domains could even be perpendicularly oriented on the surface of the film. Their sizes typically range from about 20 to 200 µm in width and are hundreds of µm in length. As already reported [47] [48] [49] , these observations could be attributed to the domain structure of LaAlO 3 substrate resulting from its phase transition on cooling to room temperature after crystal growth [47] . The surfaces are therefore not fully flat, and subsequently thickness variations may also occur at these scales. Such intricated structures of LAO may explain why the cleaved samples seen by SEM (see Appendix E) for high Pr substitution concentration do not show sections with sharp edges.
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Appendix D. Characterization of BPFMO films on LAO substrate by Atomic Force Microscope (AFM) topography
The morphology of the films at the nanoscale was investigated by tapping-mode AFM in air (Agilent 5500 AFM, Agilent Technologies, CA, USA). As shown in Figure A6 , the morphology is granular for all the compositions. It can be seen that for Pr substitution concentrations higher than 15%, some polydispersity can be seen in the grain size distribution. 
Appendix E. Thickness measurement and surface imaging of BPFMO films deposited on LAO substrate by Scanning Electron Microscopy
The samples were studied by scanning electron microscope (SEM) using a JEOL JSM-6510LV instrument (JEOL Ltd., Tokyo, Japan). 
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The BPFMO films deposited on LAO substrate had been cleaved along the direction normal to the surface to be imaged with SEM. Examples of side images obtained, up to X50,000 magnification, are presented in Figure A7 .
The BPFMO films deposited on LAO substrate had been cleaved along the direction normal to the surface to be imaged with SEM. Examples of side images obtained, up to X50,000 magnification, are presented in Figure A7 . These measurements demonstrate that the surfaces of some of the samples are not perfectly flat. In addition to possible damages and contamination caused by the cleavage process, the surfaces also unambiguously have an intrinsic roughness, as also seen from direct SEM images ( Figure A8 ). This is at least partly due to the existence of large tilted and intricated domains, as optically observed (see Appendix C) and as already reported [47, 49] . The apparent degradation of the quality of the layers observed by SEM for increasing Pr doping concentration may be due to such an effect and/or the evolution of the mismatch with the lattice parameters of the LaAlO3 substrate. However, a These measurements demonstrate that the surfaces of some of the samples are not perfectly flat. In addition to possible damages and contamination caused by the cleavage process, the surfaces also unambiguously have an intrinsic roughness, as also seen from direct SEM images ( Figure A8 ). This is at least partly due to the existence of large tilted and intricated domains, as optically observed (see Appendix C) and as already reported [47, 49] . The apparent degradation of the quality of the layers observed by SEM for increasing Pr doping concentration may be due to such an effect and/or the evolution of the mismatch with the lattice parameters of the LaAlO 3 substrate. However, a homogeneous layer of approximately equal thickness can be distinguished in all the images: the SEM images quantitatively show that the thickness of all the deposited films is 500 nm with a typical error of ± 20 nm independently of Pr doping concentration.
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